Abstract. We give a description, modulo torsion, of the cup product on the first cohomology group in terms of the descriptions of the second homology group due to Hopf and Miller.
Introduction
One of the earliest results regarding the cohomology of groups was the description by Hopf of the second homology group of a group given by a presentation. Namely if the group G is given by G ¼ F =R, with F a free group and R a normal subgroup, then H 2 ðGÞ ¼ ð½F ; F V RÞ=½F ; R:
Here and throughout we use integer coe‰cients. For basic results concerning group cohomology, we refer to [1] .
Our goal is to give a description of the cup product U : H 1 ðGÞ Â H 1 ðGÞ ! H 2 ðGÞ, in the case where H 2 ðGÞ is torsion-free, in terms of Hopf 's explicit description of the second homology group. This was motivated by the case of nilpotent quotients obtained from the lower central series of free groups, which are related to Milnor invariants for links.
Let h : H 2 ðG; ZÞ ! HomðH 2 ðGÞ; ZÞ be the natural homomorphism. Our first result gives a description of the image under h of the cup product of two classes in H 1 ðG; ZÞ. Let j; c a H 1 ðG; ZÞ ¼ HomðH 1 ðGÞ; ZÞ be two cohomology classes, which we regard as homomorphisms from G to Z. By Hopf 's description of the second homology group H 2 ðGÞ ¼ ð½F ; F V RÞ=½F ; R, an element x a H 2 ðGÞ corresponds to an element Q i ½a i ; b i a ½F ; F V R. The evaluation of hðj U cÞ on x can be described as follows.
Theorem 1.1. For the class x a H 2 ðGÞ corresponding to
This description is deduced from another description of hðj U cÞ. In [2] , Miller gave a description of the second cohomology group in terms of commutators, which we recall.
For a group G, let 3G; G4 be the free group on all pairs 3x; y4 with x and y in G. There is a natural homomorphism from 3G; G4 to G sending 3x; y4 to the commutator ½x; y. We define ZðGÞ to be the kernel of this homomorphism.
The subgroup BðGÞ of G is defined as the normal subgroup generated by certain elements in ZðGÞ, which we recall in Section 2 (BðGÞ is the group of universal commutators). We then have We now sketch the proof of Theorem 1.2. Consider the homomorphism Pðj; cÞ from 3G; G4 to Z given by Pðj; cÞ: 3x; y4 N jðxÞcðyÞ À cðxÞjðyÞ:
As 3G; G4 is the free group generated by pairs 3x; y4, the above gives a welldefined homomorphism. We show that P vanishes on BðGÞ. Hence, using Miller's description of the second homology group, Pðj; cÞ gives a well-defined homomorphism Pðj; cÞ : H 2 ðGÞ ! Z. Further, it is easy to see that Pðj; cÞ is bilinear as a function of j and c.
Thus, the proof reduces to showing the equality of the two bilinear pairings, To do this, we prove a naturality property for P, analogous to the one for cup products. Using the naturality and the relation between surfaces and the second homology group (see for instance [3] ), we reduce to showing equality when G is the fundamental group of a surface. In this case the result follows by a computation.
Miller's theorem and the pairing P
In this section, we recall the full statement of Miller's theorem and use it to show that the pairing P is well defined and natural. For a group G, Miller defined the associated group HðGÞ which is the group of all relations satisfied by commutators in G taken modulo the relations which are trivially satisfied. Miller then showed that HðGÞ G H 2 ðGÞ.
Definition 2.1. We define BðGÞ to be the normal subgroup of 3G; G4 generated by the relations (1) 3x; x4 P 1, (2) 3x; y4 P 3y; x4 À1 , (3) 3xy; z4 P 3y; z4 x 3x; z4, (4) 3y; z4
x P 3x; ½ y; z43y; z4, where x; y; z a G and 3y; z4 x :¼ 3y
It can be proved easily that BðGÞ H ZðGÞ. The associated group HðGÞ is then defined to be ZðGÞ=BðGÞ. as Pðj; cÞ is a homomorphism onto Z. As cð½ y; zÞ ¼ jð½ y; zÞ ¼ 0, it follows that Pðj; cÞð3x; ½y; z4Þ ¼ jðxÞcð½ y; zÞ À cðxÞjð½ y; zÞ ¼ 0:
Hence we have equality for the evaluation on the relation (4), completing the proof of the lemma. r
Now suppose that G 0 is a group and f : G 0 ! G is a homomorphism. Then for homomorphisms j; c : G 0 ! Z as above, we have corresponding induced homomorphisms j f ; c f : G ! Z. These correspond to the images of the cohomology classes under f Ã . Further, the induced map on homology 
This finishes the proof. r
Surface groups
We shall prove the formulae for the cup product in the case of the fundamental group of a closed, orientable surface S. Let n be the genus of the surface n. The the fundamental group of S is p ¼ 3a 1 ; b 1 ; a 2 ; b 2 ; . . . ; a n ; b n ; Q n i¼1 ½a i ; b i 4:
The homology group H 1 ðp; ZÞ ¼ H 1 ðS; ZÞ is a free abelian group with basis consisting of the elements a i and b i . We consider the dual basis given by elements a
for elements x 1 and x 2 of the dual basis and a generator z of H 2 ðp; ZÞ. Further, as both sides are skew-symmetric, it su‰ces to consider the cases
We next describe a generator z in terms of Hopf 's and Miller's descriptions of the second homology group. This is well known, but we include a proof for the sake of completeness.
We first consider Hopf 's description. The standard presentation of the fundamental group p of a closed, orientable surface is p ¼ F =R, with F the free group on the letters a i and b i and R the normal subgroup generated by r ¼ Q n i¼1 ½a i ; b i .
Lemma 3.1. The equivalence class of r in ð½F ; F V RÞ=½F ; R generates H 2 ðp; ZÞ.
Proof. Note that r a ½F ; F . Hence, as R is the normal subgroup generated by r, we have R H ½F ; F , which implies that ½F ; F V R ¼ R. It follows that H 2 ðGÞ ¼ R=½F ; R. An element in R is a product of conjugates gr k g À1 of powers of r. In the quotient R=½F ; R, r is equivalent to its conjugates, and hence any element of the quotient is equivalent to a power of r. Thus the image of r generates H 2 ðGÞ. r
We now turn to Miller's description. Consider the element D in 3p; p4 given by D ¼ Q n i¼1 3a i ; b i 4. As this maps to r under the commutator map which is trivial in p, we have D a ZðpÞ. We now turn to the proof of equation (1) for the basis elements. By the well-known computation of the cup product for surface groups, in cases (1) and (3) the right-hand side of equation (1) vanishes. In the remaining case (2), the right-hand side vanishes if i A j and is 1 if i ¼ j. We see the same is true for the left-hand side of the equation.
As z is the image of D ¼ Q n i¼1 3a i ; b i 4, the left-hand side of the equation is the sum
Consider a term x 1 ða k Þx 2 ðb k Þ À x 1 ðb k Þx 2 ða k Þ of the above sum. It is easy to see that this always vanishes in cases (1) and (3) and in case (2) 
there is exactly one non-vanishing term, which is for k ¼ i, and this term is 1. It follows that equation (1) holds in all cases. 
